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In this talk, I try to show that the sign problem of dense QCD is due to modes whose 
frequency is higher than the chemical potential. An effective theory of quasi-quarks 
near the Fermi surface has a positive measure in the leading order. The higher- 
order corrections make the measure complex, but they are suppressed as long as 
the chemical potential is sufficiently larger than Aqcd- As a consequence of the 
positivity of the effective theory, we can show that the global vector symmetries 
except the C/(l) baryon number are unbroken at asymptotic density. 
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Qh. 1. Introduction 

• It is now firmly believed that quantum chromodynamics (QCD) successfully 

describes the strong interaction. Its prediction on the hadron interaction at 
high energy is well confirmed by experiments. The coupling extracted from 
various hadronic processes scales logarithmically with respect to energy as 
QCD predicted ' . Furthermore, the low energy dynamics of hadrons is 
in good agreement of the chiral symmetry breaking of QCD 3 . It explains 
successfully why pions and kaons are much lighter than baryons and why 
hadron spectra are not in parity-doublet, though the strong interaction 
preserves parity. 

Being the theory of strong interaction, QCD should be able to tell us 
how matter behaves at extreme environments, as encountered in heavy ion 
collisions, in early universe, or in compact stars. One salient feature of 
dense matter is that it undergoes phase transitions at extreme environ- 
ments. QCD predicts phase transitions for hot and dense matter as one in- 
creases the temperature or the density of matter. On dimensional ground, 
the critical temperature and the critical chemical potential have to be of or- 
der of Aqcd, which is the only dimensional parameter that QCD dynamics 
depends on; Tc ~ Aqcd and fic ~ Aqcd- In fact, some of these predic- 
tions on hot matter have been confirmed by lattice calculations 4 . Lattice 
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calculation shows Tq = 175 McV, which is close to Aqcd(— 213 McV). 
However, little progress in lattice QCD has been made to probe the density 
phase transition in matter except when the chemical potential is small 5 , 
since lattice QCD at finite density suffers a notorious sign problem due the 
complexity of the measure 6 . 

In this talk, I will argue that the sign problem can be solved for certain 
quantities at high density, thus allowing lattice calculation, and the QCD 
measure becomes positive at asymptotic density. 

2. High density effective theory 

Quark matter on lattice is described by a partition function given as 



where M — j^D 1 ^ + pL^% is the Euclidean Dirac operator with a chemical 
potential /x. In general the measure of dense QCD is complex, since there 
is no matrix P that satisfies for arbitrary gauge field A 



However, we claim that the complexity of the measure is due to fast 
modes, whose frequency is larger than the chemical potential, w > ii. If we 
are interested in Fermi surface phenomena or low energy dynamics of dense 
matter, most of degrees of freedom in QCD are irrelevant. For instance, 
modes in the deep Dirac sea are hard to excite at low energy due to Pauli 
blocking by the states in the Fermi sea and thus decoupled to physics near 
the Fermi surface. On the other hand, modes near the Fermi surface are 
easy to excite, since it does not cost much energy to put in or remove the 
modes near the Fermi surface. 

Therefore, we need to know the energy spectra of QCD near the Fermi 
surface to find out the relevant modes for the low energy dynamics of dense 
QCD. This is in general very difficult since it amounts to solving QCD. 
However, the problem becomes easier at extreme density because the typical 
momentum transfer in the scattering of quarks near the Fermi surface is 
quite large compared to Aqcd- 

Due to asymptotic freedom, the QCD interaction of modes near the 
Fermi surface can be treated perturbativcly and the spectrum is determined 
approximately by the energy eigenvalue equation of free Dirac particles; 




(1) 



M(A) = P- 1 M{A)^P. 



(2) 



(a-p-n)i>± = E±i[>±, 



(3) 
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where ip± are the eigenstates of a ■ p with eigenvalues ± \p\ . At low energy 
(E < yu), the states tp + near the Fermi surface, \p\ ~ /U, are easily excited, 
while if)-, corresponding to the states in the Dirac sea, are completely 
decoupled. Therefore, the relevant modes for the low-energy QCD at high 
density (yu 3> Aqcd) are ip + modes and the soft gluons. 

Consider a quark near the Fermi surface and decompose the quark mo- 
mentum into the Fermi momentum and a residual momentum as 

P»= /JtVp + lp, |^| < n, 

where = (0,Vf) and vp = pp/fJ, is the Fermi velocity, neglecting the 
quark masses. In the leading approximation in expansion, the energy 
of the quark near the Fermi surface depends only on the residual momentum 
parallel to the Fermi velocity, while the perpendicular component, l±, labels 
the degeneracy on the Fermi surface. Therefore, the integration over the 
perpendicular component should give the area of the Fermi surface, 

J d 2 l ± = W F - (4) 

Now, at low energy E < \i, the Fermi velocity of the quark near the 
Fermi surface does not change under any scattering, since any change in 
the Fermi velocity can be absorbed into the redefinition of the residual 
momentum. So, it is convenient to define a Fermi-velocity dependent field 
which carries the residual momentum only, 

i>+(v F ,x) = l + a 2 VF e-^^{x). 

Integrating out the irrelevant modes, ip_ and hard gluons, we get the high 
density effective theory (HDET) of QCD for dense quark matter at low 
energy 7 . 

3. Positivity at asymptotic density 

The effective theory is described by 

L cS = j + t^D^ + (v F ,x)~^ +1 °(p ± ) 2 i> + + (5) 

where c\ is a dimensionless constant due to loop effects of the irrelevant 
modes and the ellipsis denotes the higher order terms in l/fi expansion. 

We note that the Dirac operator of the effective theory in Euclidean 
space is related to its hermitian conjugate by a similarity transformation, 

Meft= lf-D(A) = T&Mjft-ys. (6) 
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Therefore, HDET has a positive measure in the leading order. Since the 
next-to-leading term is hermitian, while the leading term is anti-hermitian, 
the sign problem comes in at the next-leading order. However, the sign 
problem is suppressed by 

To implement HDET on lattice, it is useful to introduce an operator 
formalism in which the velocity is realized as an operator, 

since one needs to know the Fermi velocity for a given configuration of 
quarks. Then, the quasi-quarks near the Fermi surface are described by 

ip + = exp {—ifix ■ v a ■ v) ip . (8) 

Now, the effective Lagrangian density becomes 

L + =i, +1 »{d» + iA» + )i, + , (9) 

where = e~ lX A» e +lX and X = fix ■ v a ■ v. Note that j^d* = 7^, 
since v ■ d v ■ 7 = d ■ 7 . 

The partition function of dense QCD can be rewritten as 

Z{ji) = JdA+ dctM cS (A+)e~ s ^ A +\ (10) 

and the effective action is given as 

S cS (A)= J d 4 x £ ^F^ + ^^Al^ + .-.j , (11) 

where A± = A — A\\, M = \/Nf/ (2ir 2 )g s fi is the Debye mass, and the 
ellipsis denotes terms suppressed by Therefore, we see that at the 

leading order HDET has a positive measure and the lattice calculation is 
possible 8 . 

To estimate the size of the higher-order contributions, we calculate the 
correction to the vacuum energy by the naive dimensional analysis 9 . We 
found 

SE vac ^ (*s A ^ 

-Evac 27T \X 

where A ~ Aqcd is the energy scale that we are interested in. Therefore, 
the positivity of HDET is good, as long as the chemical potential is much 
larger than Aqcd- 
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As an application of the positivity of QCD at asymptotic density, one 
can establish a rigorous inequality like the Vafa-Witten theorem 10 to show 
that the color- flavor locked (CFL) phase 11 is in fact exact at asymptotic 
density. 

Consider the correlator of the SU(3)v flavor currents 
(j A (v F ,x)J*(v F ,y)) A = -Tr^T A S A (x, y;A) lu T B S A (y, x; A), (13) 

where J a (vf,x) — tp + (vp,x)j^T A tp + (vp,x) and we have introduced an 
infrared cut-off A, which breaks the U(l) baryon number symmetry a . The 
anomalous propagator can be rewritten as 

S A (x,y;A) = (x\-\y) = J dr (x\ e -"(-«0 |y> (u) 
where D = d + iA and 

(V D-v)< 

with V = (1,Vf), V = (1,—vp)- Since the eigenvalues of M are bound 
from the below by A, we have the following inequality: 



e -AR 



< / & T e-^^Wi^W) = — r- VW)VW)- (16) 



R 



Since the measure of HDET is positive, the vector current correlator falls 
off exponentially even after integrating over the gauge fields. Therefore, 
there is no Nambu-Goldstone mode along the vector channel. Combining 
this with the Cooper theorem, we prove that the CFL phase is exact. 

In conclusion, we have shown that dense QCD is positive at asymptotic 
density. Furthermore, a lattice calculation should be possible using HDET, 
an effective theory for quasi-quarks near the Fermi surface, as long as /i> 
Aqcd- As a consequence of the positivity, we were able to show that the 
(global) vector symmetries except the U(l) baryon number are not broken 
in QCD at asymptotic density. 



a Note that any infrared regulator has to break the (7(1) baryon number to open a gap 
at the Fermi surface 
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